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The countdown i s  a large program which c o n s i s t s  
of t h e  l o g i c a l  c o m b i n a t i o n  o f  s e v e r a l  a c t i v i t i e s ,  w i t h  v a r i o u s  
r e c y c l e  p o l i c i e s  i n  t h e  e v e n t  o f  f a i l u r e s .  Each a c t i v i t y  
i s  a s t o c h a s t i c  p r o c e s s ,  i n  t h a t  t h e  t i m e  r e q u i r e d  for i t s  p e r -  
formance  may be  a random v a r i a b l e .  I n  a d d i t i o n ,  t h e  o c c u r r e n c e  
o f  equiprnent f s i l u r e s  c o n s t i t u t e s  a random p r o c e s s .  The e n t i r e  
countdoi.in i s  t h u s  a s t o c h a s t i c  p r o c e s s  and t h e  t o t a l  t i m e  r e q u i r e d  
t o  comple t e  i t  i s  a randon v a r i a b l e .  The  probability d e n s i t y  
f u n c t i o n  for t h e  t o t a l  countdown d u r a t i o n  i s  d e r i v e d  i n  t e rns  
o f  t h e  d i s t r i b u t i o n s  o f  t h e  b a s i c  random v a r i a b l e s  for e a z h  
a c t i v i t y . 
The model which is a n a l y z e d  i s  q u i t e  g e n e r a l  and i s  
d e s c r i p t i v e  of many p r o g r a a s  which c o n s i s t  o f  t h e  c o m b i n a t i o n  
of s e v e r a l  i n d i v i d u a l  a c t l v i t i e s .  The a n a l y s i s  p r o c e d u r e s  a r e  
a p p l i c a b l e  t o  many o t h e r  s imilar  p rob lems .  
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SUBJECII The Ana lys i s  o f  a Countdown D A T ~  August 1 6 ,  1965 
as a S t o c h a s t i c  S e q u e n t i a l  
Case 130 
P rocess  w i t h  Recycle P o l i c i e s  - FROM: J. s. Engel  
TM-65-1031-2 
TECHNICAL MEMORANDUM 
1. I n t r o d u c t i o n  
T h i s  memorandum p r e s e n t s  a method f o r  ana lyz ing  la rge  
programs which c o n s i s t  of t he  l o g i c a l  combinat ion o f  s e v e r a l  
a c t i v i t i e s .  Each a c t i v i t y  i s  a s t o c h a s t i c  p r o c e s s ,  i n  t h a t  t he  
t i m e  r e q u i r e d  f o r  i t s  performance may be a random v a r i a b l e .  I n  
a d d i t i o n ,  d u r i n g  t h e  performance o f  a n  a c t i v i t y ,  equipment 
f a i l u r e s  may occur ,  a t  random times. I n  t h e  even t  of an  equip-  
ment f a i l u r e ,  v a r i o u s  r e c y c l e  p o l i c i e s  may be pursued.  After t h e  
f a i l u r e  has  been r e p a i r e d ,  the  a c t i v i t y  may be cont inued  from t h e  
p o i n t  o f  f a i l u r e ,  t h e  i n d i v i d u a l  a c t i v i t y  may have t o  be r e i n i -  
t i a t e d ,  or t h e  p r o c e s s  may be r e q u i r e d  t o  recyc le  t o  some p r i o r  
p o i n t  i n  t h e  program, so  t h a t  some c o m p l e t e d a c t i v i t i e s  may have 
t o  be  reperformed.  The e n t i r e  program i s  t h u s  a s t o c h a s t i c  
p r o c e s s ,  and t h e  t o t a l  t ime r e q u i r e d  t o  complete  t h e  program i s  
a r andom-var i ab le .  The a n a l y s i s  c o n s i s t s  of  de t e rmin lng  t h e  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  ( o r  cumula t ive  d i s t r i b u t i o n  f u n c t l o n )  
for t h i s  random v a r i a b l e ,  t h e  t o t a l  t i m e  r e q u i r e d  t o  complete 
t h e  e n t i r e  program, g iven  t h e  d i s t r i b u t i o n s  o f  t h e  b a s i c  random 
v a r i a b l e s  f o r  each  a c t i v i t y .  The  d i s t r i b u t i o n  may a l s o  be 
p r e s e n t e d  i m p l i c i t l y ,  i n  t h e  form o f  t h e  c h a r a c t e r i s t i c  f u n c t i o n .  
The p a r t i c u l a r  problem which has prompted t h i s  s tudy  i s  
t h e  a n a l y s i s  o f  t h e  countdown p r o c e s s ,  and t h e  model which i s  
c o n s i d e r e d  i n  t h i s  memorandum was generatec! t o  r e p r e s e n t  t h a t  
p a r t i c u l a r  p r o c e s s .  
i s  d e s c r i p t i v e  of  many programs which c o n s i s t  o f  t h e  combinat ion 
of s e v e r a l  i n d i v i d u a l  a c t i v i t i e s .  The a n a l y s i s  procedu,-es which 
a r e  p r e s e n t e d  here may be a p p l i e d  t o  many o t h e r  s imi l a r  problems. 
However, t h e  model i s  q u i t e  g e n e r a l  and 
A r e c e n t  Technica l  Memorandum' has d i s c u s s e d  t h i s  prob- 
l e m  and has d e s c r i b e d  a method of s o l u t i o n  u t i l i z i n g  a Nonte 
C a r l o  s i m u l a t i o n  on a d i g i t a l  computer. The Monte Car lo  t e c h -  
" 'Status Report on Countdowr! Simulation-Case 140" E .  B. 
P a r k e r  111 and P .  S. Schaenman, December 1 7 ,  1 9 6 4 ,  
TM- 6 4 - 10 3 1- 3 .  
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n i q u e  c o n s i s t s  of  s e l e c t i n g  a s i n g l e  v a l u e  for each  of  t h e  b a s i c  
randon v a r i a b l e s  from an a p p r o p r i a t e  d i s t r i b u t i o n  and combining 
them i n  t h e  p r o p e r  manner i n  o r d e r  t o  de t e rmine  a s i n g l e  v a l u e  
f o r  t h e  t o t a l  t i m e  r e q u i r e d  t o  complete t h e  countdown. 
t h i s  i s  done many t imes and a h is togram o f  t h e  r e s u l t i n g  v a l u e s  
i s  c o n s t r u c t e d ,  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  t h e  t i m e  
t o  complete  t h e  countdown may be "expe r imen ta l ly"  o b t a i n e d .  
I f  
The procedures  desc r ibed  i n  t h i s  memorandum comprise 
an  a n a l y t i c  t echn ique  f o r  d e r i v i n g  t h e  d i s t r i b u t i o n  for t h e  
t o t a l  t i m e  as a f u n c t i o n  of the  i n d i v i d u a l  component d i s t r i b u -  
t i o n s .  The end r e s u l t  i s  a mathematical e x p r e s s i o n  f o r  t h e  
p r o b a b i l i t y  d e n s i t y  func t ion  ( o r  t h e  cumula t ive  d i s t r i b u t i o n  
f u n c t i o n )  of t h e  t ime t o  complete t h e  countdown. The e v a l u a t i o n  
o f  t h i s  e x p r e s s i o n  invo lves  a se r ies  o f  i n t e g r a t i o n s  and convo- 
l u t i o n s  and may, f o r  complicated c a s e s ,  have  t o  be performed 
u s i n g  numer ica l  methods on a d i g i t a l  computer.  The d i s t i n c t i o n ,  
however, i s  t h a t  t h e  computer i s  t h e n  used as a c a l c u l a t i n g  
machine; i t  i s  n o t  programmed t o  s i m u l a t e  t h e  o p e r a t i o n .  I n  
a d d i t i o n ,  t h e  computer i s  not a l w a y s  r e q u i r e d  f o r  t h e  e v a l u a t i o n  
o f  t h e  e x p r e s s i o n .  For many cases, t h e  i n t e g r a t i o n s  and convo- 
l u t i o n s  may be performed symbol ica l ly .  
The g e n e r a l  problem may be d e s c r i b e d  as f o l l o w s .  The 
program c o n s i s t s  of a c o l l e c t i o n  of i n d i v i d u a l  a c t i v i t i e s  which 
are l o g i c a l l y  i n t e r r e l a t e d .  
performed c o n c u r r e n t l y .  
t h a t  i s ,  t h e  complet ion o f  c e r t a i n  a c t i v i t i e s  i s  n e c e s s a r y  
b e f o r e  c e r t a i n  o t h e r s  may be i n i t i a t e d .  These l o g i c a l  i n t e r r e -  
l a t i o n s h i p s  may be  r ep resen ted  by a "PERT-like" network.  The 
d e v i a t i o n  from t h e  normal PERT r e p r e s e n t a t i o n  r e s u l t s  from t h e  
i n t r o d u c t i o n  o f  r e c y c l e s .  
an  equipment f a i l u r e  may occur .  Depending an t h e  n a t u r e  of t h e  
a c t i v i t y  be ing  performed and on t h e  n a t u r e  of t h o s e  a c t i v i t i e s  
a l r e a d y  completed,  t h e  f a i l u r e  may merely i n t r o d u c e  a "hold"; 
i t  may r e q u i r e  t h a t  t h e  i n d i v i d u a l  a c t i v i t y  be r e i n i t i a t e d ;  o r  
i t  may n e c e s s i t a t e  r e c y c l i n g  t o  a p r i o r  p o i n t  and r e p e a t i n g  some 
of t h e  completed a c t i v i t i e s .  
network,  i n c l u d i n g  r e c y c l e  p a t h s ,  t o  a s i n g l e  branch  o r  composite 
a c t i v i t y ,  r e p r e s e n t i n g  t h e  e n t i r e  countdown, and t o  de te rmine  t h e  
d i s t r i b u t i o n  of  t h e  t imes t o  complete t h i s  composi te .  T h i s  i s  
done i n  a sequence of s t e p s .  Small  g roups  c r f  two or more a c t i v i -  
t i e s  a re  combined t o  form composite a c t i v i t f e s .  Then, sma l l  
g roups  of  composite a c t i v i t i e s  are combined Zn t h e  same manner. 
C e r t a i n  of t h e  a c t i v i t i e s  may be 
O t h e r s  must be performed s e r i a l l y ;  
During t h e  performance of  an  a c t i v i t y ,  
The problem is t o  "reduce" a complex 
The procedure  
i n t o  a s i n g l e  
f o r  combining 
t i o n s h i p s .  
i s  r epea ted  u n t i l  a l l  a c t i v i t i e s  have been combined 
composlte.  T h 2 s  memorandum p r e s e n t s  t h e  t e c h n i q u e s  
a c t i v i t i e s  which have v a r i o u s  l o g i c a l  i n t e r r e l a -  
- 3 -  
2 .  Suminary 
I n  S e c t i o n  3 ,  t h e  s i n g l e  a c t i v i t y  i s  d i s c u s s e d .  An 
i n d i v i d u a l  a c t i v l t y  may be  d e s c r i b e d  s t a t i s t i c a l l y  by th ree  
bas i c  independent  random var iab les .  The f i rs t  o f  these  i s  t h e  
t i m e  r e q u i r e d  t o  perform t h e  a c t i v i t y  when t h e  e f fec ts  o f  f a i l u r e s  
are exc luded  an6 i s  denoted  To. The second random v a r i a b l e  i s  
t h e  t i m e  between f a i l u r e s  of t h e  equipment used i n  per forming  
The t h i r d  i s  t h e  t i m e  r e q u i r e d  f '  
t o  l o c a t e  and r e p a i r  t h e  f a i l u r e  s o  t h a t  t h e  p r o c e s s  may be  
r e c y c l e d  and i s  denoted  Tr. It is  assumed t h a t  t h e  d i s t r i b u t i o n s  
o f  these random v a r i a b l e s  are e i t h e r  known o r  w e l l  est imated. 
From these t h r e e  d i s t r i b u t i o n s ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n . f o r  
t h e  t o t a l  t i m e  r e q u i r e d  t o  complete t h e  a c t i v i t y ,  i n c l u d i n g  
t h e  e f f e c t s  o f  f a i l u r e s  and r e c y c l e s ,  i s  d e r i v e d .  T h e r e  are  
two p o s s i b l e  r e c y c l e  p o l i c i e s ,  and b o t h  are  i n v e s t i g a t e d .  When 
t h e  a c t i v i t y  i s  "he ld"  dur ing  each  r e p a i r  and t h e n  con t inued  
from t h e  p o i n t  a t  which the  f a i l u r e  had occur red ,  t h e  t o t a l  
t i m e  r e q u i r e d  t o  complete t h e  a c t i v i t y ,  denoted  TA, has a char-  
a c t e r i s t i c  f u n c t i o n  g iven  by: 
4-Le - - 4 - 2 - - : 4 - - -  - - 2 l  
bile: a c ; L i v i b y  a i A u  is denoted T 
where t h e  c h z r a c t e r i s t i c  f u n c t i o n  M ( w )  i s  g iven  b y :  
TR 
When the  a c t i v i t y  i s  r e i n i t i a t e d  a f te r  each  f a i l u r e ,  t h e  t o t a l  
t i m e  r e q x i r e d  t o  complete t h e  a c t i v i t y  has a c h a r a c t e r i s t i c  
f u n c t i o n  g iven  by: 
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where t h e  p r o b a b i l i t y  p i s  e q u a l  t o :  
t h e  c h a r a c t e r i s t i c  f u n c t i o n  MT,(w) i s  t h e  F o u r i e r  t r a n s f o r m  
of t he  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  g iven  by: 
0 
and the  c h a r a c t e r i s t i c  f u n c t i o n  M 
of  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  g iven  b y :  
( w )  i s  t h e  F o u r i e r  t r a n s f o r m  
(2-6) 
The procedures  f o r  r educ ing  two s u c c e s s i v e  a c t i v i t i e s  
The re  
When t h e  r e c y c l e  p o l i c i e s  f o r  t h e  two a c t i v i t i e s ,  
t o  a s i n g l e  composite a c t i v i t y  are der'ived i n  S e c t i o n  4 .  
are two p o s s i b l e  r e c y c l e  p o l i c i e s ,  and bo th  of  t hese  are con- 
s i d e r e d .  
denoted  a c t i v i t y  A and a c t i v i t y  B ,  are independent  s o  t h a t  a 
f a i l u r e  i n  t h e  second a c t i v i t y  only  a f f e c t s  t h a t  a c t i v i t y ,  t h e  
c h a r a c t e r i s t i c  f u n c t i o n  f o r  t h e  t i m e  t o  complete t h e  composite 
a c t i v i t y ,  denoted TC, is  g iven  by: 
(2-41 
When t h e  r e c y c l e  p o l i c i e s  a r e  dependent and a f a i l u r e  d u r i n g  
t h e  second a c t i v i t y ,  a c t i v i t y  B,  r e q u i r e s  t h a t  t h e  f i r s t  
a c t i v i t y ,  a c t i v i t y  A ,  be r e i n i t i a t e d ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n  
f o r  t h e  t i m e  t o  complete t h e  composite a c t i v i t y  i s  g iven  b y :  
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I n  S e c t i o n  5 ,  p r o c e d u r e s  a r e  der i -ved f o r  combining two p a r a l l e l  
a c t i v i t i e s ,  performed c o n c u r r e n t l y .  There  are s i x  p o s s i b l e  
r e c y c l e  p o l i c i e s ,  and t h e s e  are a l l  cons ide red .  
p o l i c i e s  are independen t ,  s o  t ha t  a f a i l u r e  i n  e i ther  a c t i v i t y  
a f f e c t s  on ly  that a c t i v i t y ,  t h e  t i m e  t o  complete  t h e  composi te  
a c t i v i t y  has a p r o b a b i l i t y  d e n s i t y  f u n c t i o n  g i v e n  by: 
When t h e  r e c y c l e  
and a c h a r a c t e r i s t i c  f u n c t i o n  g i v e n  by :  
There are two p o s s i b l e  semi-dependent r e c y c l e  p o l i c i e s .  
a f a i l u r e  i n  a c t i v i t y  A r e q u i r e s  t h a t  b o t h  a c t i v i t i e s  be h e l d  
d u r i n g  r e p a i r s  and t h e n  cont inued ,  while  a f a i l u r e  i n  a c t i v i t y  B 
does no t  i n t e r r u p t  a c t i v i t y  A ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  
t h e  t i m e  t o  complete t h e  composite a c t z v i t y  i s  g i v e n  b y :  
(2-10) 
When 
When a f a i l u r e  i n  a c t i v i t y  A r e q u i r e s  t h a t  b o t h  a c t i v i t i e s  be 
r e i n i t i a t e d ,  while a f a i l u r e  i n  a c t i v i t y  B does  no t  i n t e r r u p t  
a c t i v i t y  A, t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  t h e  t i n e  t o  complete  
t h e  composi te  a c t i v i t y  i s  given. b y :  
(2-12) 
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where t h e  c h a r a c t e r i s t i c  f u n c t i o n  M ( u )  i s  g i v e n  by: 
TS 
where t h e  p r o b a b i l i t y  p i  i s  e q u a l  t o :  
and t h e  p r o b a b i l i t y  p i  i s  equa l  t o :  
(2-18) 
When a f a i l u r e  i n  a c t i v i t y  A r e q u i r e s  t h a t  b o t h  a c t i v i t i e s  be 
r e i n i t i a t e d  a f t e r  r e p a i r s ,  whi le  a f a i l u r e  i n  a c t i v i t y  B r e q u i r e s  
t h a t  bo th  a c t i v i t i e s  be h e l d  d u r i n g  r e p a i r s  and t h e n  con t inued ,  
t h e  c h a r a c t e r i s t i c  f u n c t i o n  for t h e  t i m e  r e q u i r e d  t o  complete 
t h e  composite i s  g iven  by: 
S e c t  on 6 c o n s i d e r s  t h e  n o n - s e r i e s - p a r a l l e l  combinat ion 
of a c t i v i t i e s .  There are an i n f i n i t e  number of such combinat ions 
which are p o s s i b l e ,  and a g e n e r a l  method for r e d u c i n g  them t o  a 
s i n g l e  composite a c t i v i t y  i s  p r e s e n t e d .  
p a r t i c u l a r  n o n - s e r i e s - p a r a l l e l  combinat ion i s  shown as an example 
of t h e  t echn ique .  T h i s  g e n e r a l  method may be extended t o  o t h e r  
such  combinat ions.  
The r e d u c t i o n  o f  one 
.. 
c 
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3. S i n g l e  A c t i v i t y  
The b a s i c  b u i l d i n g  b l o c k  f o r  t h e  e n t i r e  p r o c e s s  
i s  t h e  s i n g l e  a c t i v i t y .  Excluding t h e  e f f ec t s  o f  f a i l u r e s ,  
t h e  a c t i v i t y  takes a t i n e  T t o  perform. T h i s  t i m e  ma7.r J b e  
a random v a r i a b l e  w i t h  a known, o r  w e l l  es t imated,  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  f T  ( to) .  
completed,  however, a f a i l u r e  may occur  i n  t h e  equipment  used 
i n  per forming  t h e  a c t i v i t y .  It i s  assumed t h a t  t h e  r e l i a b i l i t y  
of t h e  equipment i s  known i n  t h e  s e n s e  t h a t  t h e  t i m e  between 
f a i l u r e s  i s  a random v a r i a b l e  Tf w i t h  known p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  f ( t f ) .  If 2 f a i l u r e  should o c c ~ r ,  t h e  
f a i l e d  i t e m  i s  r e p a i r e d ,  t a k i n g  a t i m e  Tr, which may be a 
rFndom v a r i a b l e .  For t h e  t o t a l  s e t  of equipment used i n  per- 
forming  t h e  a c t i v i t y ,  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
f T  ( t  ) i s  assumed t o , b e  known o r  w e l l  est imated. 
n o t e d  t h a t  t hese  d e n s i t y  f u n c t i o n s  are cons ide red  as g e n e r a l i z e d  
f u n c t i o n s .  I n  p a r t i c u l a r ,  they  may i n c l u d e  Dirac de l t a  f u n c t i o n s .  
0 
Before  the  a c t i v i t y  has been 
0 
Tf 
It should  be r r 
There are two p o s s i b l e  r e c y c l e  p o l i c i e s  i n  t h e  e v e n t  
o f  a f a i l u r e .  After t h e  f a i l e d  i t e m  h a s  been repaired,  t h e  
a c t i v i t y  may be  con t inued  from t h e  p o i n t  a t  which t h e  f a i l u r e  
o c c u r r e d ,  o r  i t  may be r e i n i t i a t e d .  L e t  t h e  random v a r i a b l e  . 
TA be d e f i n e d  as t h e  t o t a l  t i m e  r e q u i r e d  t o  complete t he  
a c t i v i t y ,  takring f a i l u r e s  and r e p a i r s  i n t o  account .  The 
problem, t h e n ,  i s  t o  f i n d  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
f ( t  ), i n  terms of  t h e  known p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  
T A  A 
3.1 S i n g l e  A c t i v i t y  with "Hold and Continue" P o l i c y  
When t h e  a c t i v l t y  i s  "held" d u r i n g  each r e p a i r  and 
t h e n  con t inued  from t h e  p o i n t  a t  which t h e  f a i l u r e  occur red ,  
t h e  t o t a l  t i m e  r e q u i r e d  t o  complete t h e  a c t i v i t y  i s  e q u a l  t o :  
m J . ~  = T + TR 0 
t 
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where TR i s  e q u a l  t o  t h e  sum of  a l l  t h e  r e p a i r  t imes Tr 
r e q u i r e d .  
more f a i l u r e s  occur  'whi le  per forming  the  a c t i v i t y :  
L e t  pi be d e f i n e d  as t h e  p r o b a b i l i t y  t h a t  i o r  
( 3-2 1 A = P r  [i o r  more f a i l u r e s ]  p i  
T h i s  i s  e q u a l  t o  the  p r o b a b i l i t y  t h a t  t h e  sum of i independent  
v a l u e s  of t h e  random v a r i a b l e  Tf i s  less t h a n  To: 
+ ... + T c To] 
+ Tf2 fi 
pi = P r  [T 
fl 
. and t h i s  i s  g iven  b y :  
f" 
( t o ) f T  ( t o )  dto 
0 
FT +T +...+ T 
0 f l  f2 fi 
p i  =j 
(3 -3 )  
3-4) 
Where FT ( t f )  and F 
f o r  Tf and To, re? ;  e c t i v e l y .  
( to)  a r e  t h e  cumula t ive  d i s t r i b u t i o n  f u n c t i o n s  
f TO 
Equa t ion  (3-4) i s  e q u i v a l e n t  t o :  
0 
By P a r s e v a l ' s  theorem, t h i s  i s  e q u a l  t o :  
where MT ( w )  and MT ( w )  a r e  t h e  c h a r a c t e r i s t i c  f u n c t i o n s  o f  
Tf and To, r e s p e c t i v e l y ,  and are e q u a l  t o  t h e  F o u r i e r  
t r a n s f o r m s  o f  t h e i r  r e s p e c t i v e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s .  
. 
f 0 
Given t h e  c o n d i t i o n  t h a t  e x a c t l y  one f a i l u r e  o c c u r s ,  
which has a p r o b a b i l i t y  p1 - p 2  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  e q u a l  t o  f T  (t,) . 
c o n d i t i o n  t ha t  e x a c t l y  two f a i l u r e s  occur ,  which has a p r o b a b i l i t y  
P2 - P y  TR i s  e q u a l  t o  T 
TR i s  e q u a l  t o  Tr and has a 
Given t h e  
r 
and has a p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  e q u a l  t o  f (t,) * f T  (tR), where t h e  as te r i sk  deno tes  T- n 
I A 
convo lu t ion .  
m u l t i p l i e d  b y  t h e i r  r e s p e c t i v e  p r o b a b i l i t i e s  o f  occur rence ,  y i e l d s  
t h e  p r o b a b i l i t y  d e n s i t y  func t ion  f o r  TR: 
Summing ove r  a l l  t h e  p o s s i b l e  numbers o f  f a i l u r e s ,  
) [ i - f o l d  convo lu t ion  o f  f T  (t,) w i t h  i t s e l f ]  
TR ( t R )  r 
i=l 
( 3 - 6 )  
Taking t h e  F o u r i e r  t ransform o f  bo th  s ides  of e q u a t i o n  3-6 w i t h  
r e s p e c t  t o  t, y i e l d s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  TR: 
I 
- 1 0 -  * 
S u b s t i t u t i n g  e q u a t i o n  3-5 f o r  pi and pi+l i n t o  e q u a t i o n  3-7 
y i e l d s  : 
The o r d e r  of t h e  i n t e g r a t i o n  and summation may be i n t e r c h a n g e d ,  
y i e l d i n g :  
OD 
f 0 
The char -z ic te r i s t ic  f u n c t i o n  f o r  a random v a r i a b l e  has an 
a b s o l u t e  va lue  bounded by one, and t h e r e f o r e ,  t h e  power se r ies  i n  
e q u a t i o n  3-8 may be w r i t t e n  i n  c l o s e d  form, y i e l d i n g :  
The c h a r a c t e r i s t i c  f u n c t i o n  f o r  T A i s  e q u a l  t o :  
The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f (t,) may be  
TA 
o b t a i n e d  b y  t a k i n g  t h e  i n v e r s e  F o u r i e r  t r a n s f o r m  cf e q u a t i o n  3-10. 
However, subsequent  o p e r a t i o n s  i n v o l v e d  i n  combining a c t i v i t i e s  
are cjftefi i n  t e r m  of t h e  c h a r a c t e r i s t i c  f u n c t i o n s  of t h e  random 
v a r i a b l e s ,  so  t h a t  t h e  r e s u l t s  may be r e t a i n e d  i n  t h i s  form. 
3.2 S i n g l e  A c t i v i t y  w i t h  " R e i n i t i a t e "  P o l i c y  
When t h e  a c t i v i t y  i s  r e i n i t i a t e d  a f te r  each  f a i l u r e ,  
t h e  f a i l u r e s  and subsequent  r e p a i r s  are assumed t o  c o n s t i t u t e  
a renewal  p r o c e s s .  After  each r e p a i r  t h e  p r o c e s s  b e g i n s  a g a i n .  
The t i m e  u n t i l  t h e  n e x t  f a i l u r e  has t h e  same p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  fT  (t,). 
r e i n i t i a t e d ,  and t h e  t i m e  t o  per form i t  has t h e  same p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  f T  ( to) .  
The a t tempt  t o  per form t h e  a c t i v i t y  i s  
f 
0 
The p r o c e s s  desc r ibed  above may be  r e p r e s e n t e d  b y  
a f low graph of s o r t s ,  as  shown below, i n  F i g u r e  3-1: 
F igu re  3-1 . 
The s u b s c r i p t e d  "T" a s s o c i a t e d  w i t h  each p a t h  deno tes  t h e  t i m e  
t o  complete t h a t  p a t h .  The p a r e n t h e s i z e d  e x p r e s s i o n  a t  each 
pa th  ou t  of a node deno tes  t h e  p r o b a b i l i t y  o f  t a k i n g  t h a t  pa th .  
The "primes" which d i s t i n g u i s h  TA and T I  i n  F igu re  3-1 from 
To and Tf should  be  no ted .  
random v a r i a b l e  Tf may b e  smaller t h a n  t h e  random v a r i a b l e  
of f a i l u r e ,  denoted  p ,  is  t h u s  d e f i n e d  b y :  
These will be e x p l a i n e d  s h o r t l y .  
For  any g iven  a t t empt  t o  perform t h e  a c t i v i t y ,  t h e  
i n  which case  a f a i l u r e  i s  sa id  t o  occur .  The p r o b a b i l i t y  
TO , 
A P = P r  [Tf<ToJ (3-11) 
and t h i s  i s  e q u a l  t o :  
It i s  d e s i r e d  t h a t  t h e  f low graph of F i g u r e  3-1 
be reduced t o  a s i n g l e  pa th ,  as shown below, i n  F i g u r e  3-2:  
Figure  3-2 
where TA i s  the  t o t a l  t i m e  r e q u i r e d  t o - c o m p l e t e  t h e  a c t i v i t y ,  
w i t h  a l l  p o s s i b l e  f a i l u r e s  and r e c y c l e s  t a k e n  i n t o  accoun t .  
Before  d e r i v i n g  t h e  e x p r e s s i o n  f o r  f ( tA) ,  however, i t  i s  
necessa ry  t o  d e f i n e  t h e  random v a r i a b l e s  TA and TI and t o  
d e r i v e  t h e i r  r e s p e c t i v e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s .  
TA 
The random v a r i a b l e  To has been d e f i n e d  as t h e  t i m e  
t o  perform t h e  a c t i v i t y ,  exc luding  t h e  e f f e c t s  o f  f a i l u r e .  
i s  t h e  t i m e  r e q u i r e d  t o  perform a l l  t h e  a c t i o n s  a s s o c i a t e d  w i t h  
t h e  a c t i v i t y ,  no t  i n c l u d i n g  any a c t i o n s  r e q u i r e d  as a r e s u l t  o f  
f a i l u r e .  T h i s  has a cumulat ive d i s t r i b u t i o n  f u n c t i o n  de f ined  by: 
It 
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The random v a r i a b l e  TA i s  t h e  t i m e  t o  complete  t h e  forward  
o r  "success"  p a t h  of t h e  f l o w  c h a r t  of F i g u r e  3-1. The s e t  
of  times Th is t h a t ' s u b s e t  o f  t h e  t imes To f o r  which t h e  
attemgt t o  pe iz fam t h e  a c t i v i t y  I s  successful; it i s  the  s u b s e t  
c o n s i s t i n g  o f  t h o s e  t i m e s  T which are l e s s  t h a n  the  a s s o c i a t e d  
t he  c o n d i t i o n a l  p r o b a b i l i t y :  
0 . The cumula t ive  d i s t r i b u t i o n  f u n c t i o n  f o r  TA i s  t h e r e f o r e  Tf 
By the d e f i n i t i o n  of c o n d i t i o n a l  p r o b a b i l i t y ,  t h i s  i s  e q u a l  t o :  
S u b s t i t u t i n g  t h e  d e f i n i t i o n s  g iven  i n  e q u a t i o n s  3-11 and 3-13 
y i e l d s :  
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The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f T 9  ( th)  i s  o b t a i n e d  by 
d i f f e r e n t i a t i c g  e q u a t i s n  3-15 x i t h  r e s p e c t  t o  t I .  After 
r e a r r a n g i n g  terms, t h i s  i s  e q u a l  t o :  
0 
0 
The random v a r i a b l e  Tf has been d e f i n e d  as t h e  
between equipment f a i l u r e s .  Its cumula t ive  d i s t r i b u t i o n  
F (t,) e P r C T f ~ t f l  
Tf 
t i m e  
f u n c t i o n  : 
( 3-17 
i s  a p r o p e r t y  of t h e  equipment and i s  independent  o f  t h e  
a c t i v i t y  f o r  which t h e  equipment i s  b e i n g  used.  The random 
var iab le  T;' i s  t h e  t i m e  t o  f a i l u r e  f o r  on ly  t h o s e  f a i l u r e s  which 
o c c u r  b e f o r e  t h e  a c t i v i t y  i s  completed.  F a i l u r e s  o c c u r r i n g  
a f te r  t h e  a c t i v i t y  i s  completed are n o t  encountered .  The s e t  
of t imes Tk i s  t h u s  t h e  s u b s e t  o f  t h o s e  t i n e  T f which are less  
t h a n  t h e  a s s o c i a t e d  To. The cumula t ive  d i s t r i b u t i o n  f u n c t i o n  
f o r  T i  i s  t h e r e f o r e  t h e  c o n d i t i o n a l  p r o b a b i l i t y :  
By t h e  d e f i n i t i o n  of c o n d i t i o n a l  p r o b a b i l i t y ,  t h i s  i s  e q u a l  t o :  
Pr[Tf<t;]-Pr[t i~Tf >To] 
Pr[Tf<To J F Tf ,(ti) = 
S u b s t i t u t i n g  t h e  d e f i n i t i o n s  g iven  i n  e q u a t i o n s  3-11 and 3-18 
y i e l d s  : 
D i f f e r e n t i a t i n g  e q u a t i o n  3-19 w i t h  r e s p e c t  t o  ti and r e a r r a n g i n g  
terms y i e l d s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n :  
Given t h e  c o n d i t i o n  t h a t  no f a i lu re s  o c c u r ,  which 
h a s  a p r o b a b i l i t y  (1-p) ,  TA i s  e q u a l  t o  TA and has  a p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  f T I ( t A ) .  Given t h e  c o n d i t i o n  t h a t  e x a c t l y  one 
0 
f a i l u r e  o c c u r s ,  which has a p r o b a b i l i t y  p(1-p) ,  TA i s  e q u a l  t o  
TA + T i  + Tr and h a s  a p r o b a b i l i t y  d e n s i t y  f u n c t i o n  e q u a l  t o  
fT l ( tA)* fT , ( t , )* fT  ( tA),  where t h e  a s t e r i s k  d e n o t e s  convo lu t ion .  
0 r r 
Summing ove r  a l l  t h e  p o s s i b l e  numbers of f a i l u r e s ,  m u l t i p l i e d  
by t h e i r  r e s p e c t i v e  p r o b a b i l i t i e s  of occur rence ,  y i e l d s  t h e .  
p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  for TA: 
i = O  
convo lu t ion  of [f , ( t A ) * f  ( tA)  
Tf Tr 
-+I 
1 w i t h  i t s e l f  (3-21) 
Taking the  F o u r i e r  t r ans fo rm o f  both  s ides  of  e q u a t i o n  3-21 w i t h  
r e s p e c t  t o  tA y i e l d s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  TA: 
i=o 
The c h a r a c t e r i s t i c  f u n c t i o n  o f  a random v a r i a b l e  h a s  an a b s o l u t e  
v a l u e  which i s  bounded by one. 
b y  one. 
i n  t h e  c l o s e d  form: 
The p r o b a b i l i t y  p i s  also bounded 
The power ser ies  o f  e q u a t i o n  3-22 may thus be w r i t t e n  
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4.  Se r i a l  Success ion  
4.1 Independent  Recycle  P o l i c i e s  
The s i m p l e r  t ype  of serial succession is one wlth 
independent  r e c y c l e  p o l i c i e s .  A c t i v i t y  B f o l l o w s  a c t i v i t y  A 
and i s  no t  i n i t i a t e d  u n t i l  a c t i v i t y  A i s  completed.  Should a 
f a i l u r e  o c c u r  d u r i n g  a c t i v i t y  B, on ly  t h a t  a c t i v i t y  i s  affected.  
After t h e  f a i l u r e  has been repaired,  a c t i v i t y  B may be r e i n i t i a t e d  
o c c u r r e d .  A f a i l u r e  i n  a c t i v i t y  B does n o t  r e q u i r e  t h a t  
a c t i v i t y  A reper formed.  If t h e  composi te  of a c t i v i t i e s  A and B 
i s  denoted  a c t i v i t y  C,  t h e n  t h e  t i m e  t o  complete a c t i v i t y  C i s  
e q u a l  t o  t h e  sum: 
01% i t  m a y  be ceii t iniied from the p o i n t  at wiiich the  f a i l u r e  had 
TC = TA f TB 
where TA and TB are the t o t a l  times r e q u i r e d  t o  per form the  
i n d i v i d u a l  a c t i v i t i e s ,  w i t h  a l l  p o s s i b l e  f a i l u r e s  t a k e n  i n t o  
accoun t .  
to t h e  p roduc t :  
The c h a r a c t e r i s t i c  f u n c t i o n  f o r  TC i s  t h e r e f o r e  equal  
M ( w )  = M ( w ) M  ( w )  
TC TA TB 
4 . 2  Dependent Recycle  P o l i c i e s  
A compl i ca t ing  m o d i f i c a t i o n  of  t h e  s e r i a l  s u c c e s s i o n  
o f  two a c t i v i t i e s  occur s  when a f a i l u r e  d u r i n g  t h e  second 
a c t i v i t y  r e s u l t s  i n  a r e i n i t i a t i o n  of t h e  first a c t i v i t y .  
T h i s  r e c y c l e  p o l i c y  i s  shown below, i n  F i g u r e  4-1: 
where TAB ,T;B,TrB, and pB have t h e  meanings p r e v i o u s l y  g iven  
f o r  TA,Ti,Tr, and p ,  r e s p e c t i v e l y .  
d e n o t e s  t h e  a c t i v i t y  t o  which t h e y  refer .  A c t i v i t y  A i s  
completed, t a k i n g  t i m e  T 
e f f e c t s  o f  f a i l u r e s .  Then, a c t i v i t y  B i s  i n i t i a t e d ;  each  t i m e  
a f a i l u r e  o c c u r s ,  T i B  h a s  e l apsed ,  and TrB p l u s  TA must be  
completed b e f o r e  TA can begin.  
as shown below, i n  F igu re  4-2: 
The added s u b s c r i p t  rlBrr 
Note.  t h a t  t h i s  t i m e  i n c l u d e s  t h e  A '  
The f low graph may be  redrawn 
F igure  4-2 
I n  a manner which e x e c t l y  paral le ls  t h e  r e a s o n i n g  o f  S e c t i o n  3 ,  
t h a t  t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  t h e  t i m e  i t  can be  shown 
t o  complete t h e  composite a c t i v i t y  i s  g iven  by :  
Note t h e  s i m i l a r i t y  between t h i s  r e s u l t  and e q u a t i o n  3-22. 
5. Concurrent  A c t i v i t i e s  
o u t  
two 
A second t y p e  o f  combinat ion i s  t h e  concur ren t  c a r r y i n g  
of  s e v e r a l  a c t i v i t i e s .  I n  t h e  development which f o l l o w s ,  
concur ren t  a c t i v i t i e s  a r e  cons ide red .  S ince  each  of  t h e s e  
may i n  t u r n  be a combination o f  two or more c o n c u r r e n t  a c t i v i t i e s ,  
no g e n e r a l i t y  i s  l o s t .  
A c t i v i t i e s  A and B are i n i t i a t e d  s imul t aneous ly  when 
t h e i r  common p r e d e c e s s o r  a c t i v i t y  i s  completed.  T h e i r  common 
s u c c e s s o r  a c t i v i t y  i s  n o t  i n i t i a t e d  u n t i l  b o t h  a c t i v i t i e s  A and 
B have been completed-. The composi te  a c t i v i t y  C i s  d e f i n e d  as 
the  comple t ion  or" b o t h  a c t i v i t i e s  A and B. 
5.1 Independent  Recycle  P o l i c i e s  
when t h e i r  r e c y c l e  p o l i c i e s  are independen t .  A f a i l u r e  i n  e i t h e r  
a c t i v i t y  a f f e c t s  on ly  t ha t  a c t i v i t y ;  t h e  o t h e r  a c t i v i t y  c o n t i n u e s  
u n d i s t u r b e d .  T h i s  i s  r e p r e s e n t e d  below, i n  F i g u r e  5-1:- 
The s i m p l e s t  combinat ion o f  concur ren t  a c t i v i t i e s  o c c u r s  
F i g u r e  5-1 
The t i m e  t o  complete  t h e  composite a c t i v i t y  i s  t h e r e f o r e  e q u a l  
t o :  
TC = max (TA,TB) (5-1) 
If t h e  c , s t r i b u t - o n  f u n c t i o n s  f o r  TA and TB are a v a i l a b l e  
e x p l i c i t l y ,  t h e n  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  TC may be found 
d i r e c t l y .  
TB must be less t h a n  tC. There fo re :  
For TC t o  be l e s s  t h a n  some number tC, b o t h  TA and 
and : 
(5-3) 
1 . i ;  
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It i s  p o s s i b l e ,  however, t h a t  t he  d i s t r i b u t i o n  f u n c t i o n s  f o r  
T 
may themselves  be composi tes ,  and,  as t h e  r e s u l t s  o f  p r i o r  
m a n i p u l a t i o n s ,  t h e  c h a r a c t e r i s t i c  f u n c t i o n s  for TA and TB may 
be g iven .  
the  i n v e r s e  t r ans fo rm,and  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  TC may 
be found i n  t he  manner d e s c r i b e d  above. 
c o n v e n i e n t ,  however, t o  o b t a i n  t h e  c h a r a c t e r i s t i c  f u n c t i o n  f o r  
1' d i r e c t l y  from the  c h a r a c t e r i s t i c  f u n c t i o n s  f o r  T and TB. From 
and TB may n o t  be a v a i l a b l e  e x p l i c i t l y .  A c t i v i t i e s  A and B A 
The d i s t r i b u t i o n  f u n c t i o n s  could  be o b t a i n e d  by  t a k i n g  
It may sometimes be more 
e g u a t i o n  5-2 : A 
F (t,) = F (t IF  (t,) 
TC TA TB 
Taking t h e  F o u r i e r  t r ans fo rm o f  both  sides y i e l d s :  
where t h e  as te r i sk  deno tes  convo lu t ion .  The re fo re :  
dx 'A 'B M (u) = x (w-x) 
TC -OD ' 
(5-4 1 
5.2  Semi-Dependent .Recycle  P o l i c i e s  
The r e c y c l e  p o l i c i e s  f o r  the two a c t i v i t i e s  may be 
semi-dependent i n  t h e  fo l lowing  sense.  A f a i l u r e  i n  a c t i v i t y  A 
. a f f e c t s  bo th  a c t i v i t i e s ,  w h i l e  a f a i l u r e  i n  a c t i v i t y  B a f f e c t s  
on ly  t h a t  a c t i v i t y .  There a r e  two p o s s i b l e  semi-dependent r e -  
c y c l e  p o l i c i e s .  A f a i l u r e  i n  a c t i v i t y  A. may r e q u i r e  t h a t  bo th  
a c t i v i t i e s  be  h e l d  d u r i n g  r e p a i r  and t h e n  c o n t i n u e d ,  o r  i t  may 
r e q u i r e  t h a t  b o t h  a c t i v i t i e s  b e  r e i n i t i a t e d  a f t e r  t h e  r e p a i r s  
have been completed.  These w i l l  b o t h  b e  d i s c u s s e d .  
5.2.1 "Hold and Continue" P o l i c y  
When a f a i l u r e  i n  a c t i v i t y  A r e q u i r e s  t h a t  b o t h  
a c t i v i t i e s  be h e l d  d u r i n g  r e p a i r s  and t h e n  con t inued ,  w h i l e  
a f a i l u r e  i n  a c t i v i t y  B does n o t  i n t e r r u p t  a c t i v i t y  A, t h e  
t i m e  r e q u i r e d  t o  complete  t h e  composi te  i s  e q u a l  t o :  
where TRA i s  t h e  sum of all t h e  r e p a i r  times TrA. 
e x t e n s i o n  of e q u a t i o n  5-4, t he  c h a r a c t e r i s t i c  f u n c t i o n  for-TC 
i s  g i v e n  by: 
By a n  
5.2.2 " R e i n i t i a t e "  P o l i c y  
be r e i n i t i a t e d ;  when a f a i lu re  o c c u r s  i n  a c t i v i t y  B ,  a c t i v i t y  ;A 
c o n t i n u e s  u n d i s t u r b e d .  This  p r o c e s s  nay b e  r e p r e s e n t e d  by t h e  
f l o w  graph  shown below, i n  F i g u r e  5-2: 
A f a i l u r e  i n  a c t i v i t y  A may r e q u i r e  t h a t  b o t h  a c t i v i t i e s  
F i g u r e  5-2 
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From t h e  d e r i v a t i o n  o f  S e c t i o n  5.1, r e s u l t i n g  i n  e q u a t i o n  5-4: 
and, from t h e  r e s u l t s  of S e c t i o n  3, e q u a t i o n  3-22, t h e  
c h a r a c t e r i s t i c  f u n c t i o n  f o r  the t ime t o  complete t h e  composite 
is e q u a l  t o :  
3 
MTC(w) = 1-p M ( w ) M T  ( w )  
A T t A  r A  
(5-8) 
5 .3  Dependent Recycle  P o l i c i e s  
The r e c y c l e  p o l i c i e s  f o r  t h e  two a c t i v i t i e s  may be 
dependent i n  t h e  s e n s e  that  a f a i l u r e  i n  e i t h e r  a c t i v i t y  a f f e c t s  
b o t h  a c t i v i t i e s .  There a r e  th ree  p o s s i b l e  combinat ions o f  r e c y c l e  
p o l i c i e s .  Both may be "hold and con t inue"  p o l i c i e s ,  b o t h  may be 
" r e i n i t i a t e "  p o l i c i e s ,  o r  one a c t i v i t y  may have a "hold and 
con t inue"  p o l i c y  and t h e  o t h e r  a " r e i n i t i a t e "  p o l i c y .  These t h r e e  
combinat ions w i l l  now be i n v e s t i g a t e d .  - 
5.3.1 "Hold and Continue" P o l i c i e s  
When a f a i l u r e  . i n  e i t h e r  a c t i v i t y  r e q u i r e s  t h a t  bo th  
a c t i v i t i e s  be h e l d  d u r i n g  r e p a i r s  and t h e n  con t inued ,  t h e  t o t a l  
t ime f o r  t h e  composi te  is equal  t o :  
TC = TRA + TRB + Tm 
where T i s  d e f i n e d  as: m 
(5-9 1 
I BELLCOMM, INC. - 23 - 
From t h e  d e r i v a t i o n  o f  S e c t i o n  5.1, r e s u l t i n g  i n  e q u a t i o n  5-4: 
The c h a r a c t e r i s t i c  f u n c t i o n  for TC i s  e q u a l  t o :  
5.3.2 " R e i n i t i a t e "  P o l i c i e s  
r e i n i t i a t e d  a f t e r  repairs are completed.  With such  a r e c y c l e  
p o l i c y  t he re  are two p o s s i b l e  modes o f  f a i l u r e  r e q u i r i n g  re- 
i n i t i a t i o n .  I f  a f a i l u r e  occurs  i n  a c t i v i t y  A ,  and no f a i l u r e  
has y e t  occu r red  i n  a c t i v i t y  B, t h e n  b o t h  a c t i v i t i e s  are s topped .  
So fa r ,  a t i m e  e q u a l  t o  T i A  has e l a p s e d .  The equipment i s  re- 
p a i r e d ,  r e q u i r i n g  a t i m e  e q u a l  t o  TrA,  -and bo th  a c t i v i t i e s  are 
r e i n i t i a t e d .  S i m i l a r l y ,  i f  a f a i l u r e  occur s  i n  a c t i v i t y  B,  and 
one has n o t  y e t  occu r red  i n  a c t i v i t y  A ,  a t i m e  e q u a l  t o  T t B  + 
TrB i s  used up and b o t h  a c t i v i t i e s  are r e i n i t i a t e d .  
"A" f a i l u r e  mode o c c u r s  when TfA<ToA and e i the r :  
A f a i l u r e  i n  e i t h e r  a c t i v i t y  may r e q u i r e  t h a t  b o t h  be 
The f i rs t ,  or 
ToB c T f B  
ToB > TfB b u t  T f A <  TfB 2. 
I 
I 
The p r o b a b i l i t y  o f  f a i l i n g  i n  t h i s  mode i s  t h u s  e q u a l  t o :  
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where pAB i s  d e f i n e d  as:  
T h i s  i s  e q u a l  to: 
Similarly, the p r o b a b i l i t y  of f a i l i n g  i n  the "B" mode i s  equal  
to: 
and i s  e q u a l  t o :  1 
I 
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Note t h a t :  
For any one a t t e m p t s  t h e  p r o b a b i l i t y  of  s u c c e s s f u l l y  performir ig  
t h e  a c t i v i t y  i s  e q u a l  t o :  
Pr [ success ]  = 1 - p; - pi 
and t h i s  i s  a l s o  e q u a l  to :  
P r  C S U C C ~ S S ]  = ( l -pA)  ( l -pg)  
The p a r a l l e l  combination of two a c t i v i t i e s  w i t h  dependent  
r e c y c l e  p o l i c i e s  may be  r e p r e s e n t e d  by t h e  f low graph  shown below, 
i n  F igu re  5-3: 
I h  Tm = yy\ 6% (Xi ,Til3 ) F 
Figure  5-3 
Taking i n t o  account  a l l  p o s s i b l e  numbers of  f a i l u r e s ,  i n  each of 
t h e  modes "A" and "B" , w i t h  t h e i r  r e s p e c t i v e  p r o b a b i l i t i e s  of  
occur rence ,  f (t,) i s  equal  t o :  
*C 
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1 i = o  
convolu t ion  o f  fT, ( t C ) * f  (t,) w i t h  i t s e l f ]  
fA Tl-A 
*[j-fold convo lu t ion  of fT' ( t C ) * f  (tc) 
f B  T r B  I 
Taking  t h e  F o u r i e r  t ransform of bo th  sides with  respec t  t o  t, y i e l d s  
t he  c h a r a c t e r i s t i c  f u n c t i o n  f o r  T,: 
5.3.3 Mixed Recycle P o l i c i e s  
The r e c y c l e  p o l i c i e s  f o r  t h e  two a c t i v i t i e s  may be 
mixed, i n  t h a t  a f a i l u r e  i n  a c t i v i t y  A r e q u i r e s  t h a t  b o t h  
a c t i v i t i e s  be r e i n i t i a t e d  a f t e r  repa i rs  have been completed,  
whi le  a f a i l u r e  i n  a c t i v i t y  B r e q u i r e s  t h a t  bo th  a c t i v i t i e s  be  
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he ld  d u r i n g  r e p a i r s  and then  cont inued .  T h i s  p r o c e s s  may be 
r e p r e s e n t e d  by t h e  flow graph shown below, i n  F igu re  5-4: 
F igure  5-4 
where, a s  i n  S e c t i o n  5 .2 .2 ,  TS i s  d e f i n e d  2s: 
From t h e  r e s u l t s  of S e c t i o n  3, e q u a t i o n  3-22, t h e  c h a r a c t e r i s t i c  
f u n c t i o n  f o r  t h e  t ime t o  complete t h e  composi te  i s  e q u a l  t o :  
6 .  Non-Se r i e s -Pa ra l l e l  Combinations 
I n  S e c t i o n  4 ,  c o n s i d e r a t i o n  was g iven  t o  a c t i v i t i e s  
which a r e  done s e r i a l l y ,  i n  S e c t i o n  5 t o  a c t i v i t i e s  performed 
i n  p a r a l l e l .  
which a r e  n e i t h e r  s e r i a l  no r  p a r a l l e l .  
T h e r e  e x i s t s ,  i n  a d d i t i o n ,  a c l a s s  of combinat ions 
An exaap le  of  such  a 
combinat ion i s  r e p r e s e n t e d  below, i n  flow graph  form i n  
F i g u r e  6-1: 
F igure  6-1 
A c t i v i t i e s  A and  B are i n i t i a t e d  s imul t aneous ly .  
o f  a c t i v i t y  A ,  a c t i v i t y  D i s  i n i t i a t e d .  
a c t i v i t i e s  B and C, a c t i v i t y  E i s  i n i t i a t e d .  
i s  completed when b o t h  a c t i v i t i e s  D and E are completed.  
t i m e  t o  complete t h e  composite a c t i v i t y  i s  t h e n  e q u a l  t o :  
A t  t h e  comple t ion  
A t  t h e  comple t ion  o f  b o t h  
The composite a c t i v i t y  
The 
TM = max [TA + T T 
D, B + TE,TA + TC + TEl  (6-1) 
p r e v i o u s l y  used f o r  t h e  maximum o f  a s e t  of  random v a r i a b l e s ,  
s i n c e  t h e  v a r i a b l e s  are no l o n g e r  independen t .  
p r e s e n t e d  below, must be employed. 
on ly  one t y p e  o f  n o n - s e r i e s - p a r a l l e l  combinat ion.  
a d d i t i o n a l  a c t i v i t i e s ,  an  i n f i n i t e  number of such combinat ions 
may be formed. 
t o  d i s c u s s  a l l  of  t hese ,  nor i s  it n e c e s s a r y .  They  a l l  may be 
handled  by  e x t e n s i o n s  of t h e  same procedure .  It i s  s u f f i c i e n t  
t o  d i s c u s s  one such c a s e ,  t h e  one p r e s e n t e d  above, and show 
how t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  TM may be d e r i v e d .  
AnotheI- p rocedure ,  
The combinat ion of f i v e  a c t i v i t i e s  descr ibed  above is 
By i n c l u d i n g  
It i s  n o t  p o s s i b l e ,  i n  a p a p e r  o f  f i n i t e  l e n g t h ,  
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L e t  8 new set  of f i v e  random v a r i a b l e s  be & f i n e d  
by: 
The t i m e  t o  complete 
and t h e  d i s t r i b u t i o n  
T1 = T S - T D  A 
T2 = TB + TE 
F = .TA + .T + 
13 C 
T4 = TA . 
T5 = TE 
(6-2) 
t h e  composite a c t i v i t y  i s  t h e n  e q u a l  t o :  
TM = max [T T T 3 
1, 2, 3 
f u n c t i o n  f o r  TM i s  e q u a l  t o  t h e  j o i n t  
d i s t r i b u t i o n  f u n c t i o n  f o r  T T and T3: 
1, 2, 
(6-3)  
The o r i g i n a l  random v a r i a b l e s ,  i n  terms o f  the  pew ones, are 
e q u a l  t o :  
TA = T4 
TB = T -T 
TC = T -T -T 
TD = T -T 
2 5  
3 4 5  
1 4  
TE = T5 
(6-5) 
B ELLC 0 FA M , Ne. 
and the Jacobian: 
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J 
is equal to 1. Therefore: 
(t t t t t )  fT T T T T 1, 2, 3, 4, 5 
1, 2, 3 ,  4, 5 
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I n t e g r a t i n g  e q u a t i o n  6-6 over  t h e  e n t i r e  range  of t 4  and t 
t h e  range  of  t t and t less t h a n  tM, y i e l d s  t h e  j o i n t  d i s t r i b u -  
t i o n  f u n c t i o n  f o r  T T and T e v a l u a t e d  a t  tM: 
and 5’ 
1, 2 , .  3 
1, 2 ,  3’ 
(t  t t ) ‘  FT T T M, M, M 
1, 2, 3 
From e q u a t i o n  6-4, t h i s  i s  e q u a l  t o  F 
o r d e r  of i n t e g r a t i o n ,  and s u b s t i t u t i n g  e q u a t i o n  6-6 y i e l d s ;  
(t,). Rearranging  t h e  
TM 
Recognizing t h a t  the d e n s i t y  f u n c t i o n s  a r e  z e m  f o r  nega t ive  
arguntsnt.~ and t h a t  t h e  cumula t ive  d i s t r i b u t i o n  f u n c t i o n s  are 
z e r o  when t h e i r  arguments a r e  z e r o ,  y i e l d s :  
By means of  e q u a t i o n  6-8, the  d i s t r i b u t i o n  f u n c t i o n  f o r  TM may 
be  de termined  f r o m  t he  d i s t r i b u t i o n  or d e n s i t y  f u n c t i o n s  f o r  
T T T T and TE. 
A, B ,  c, D, 
7 .  Conclus ions  
I n  t h e  p r e c e d i n g  s e c t i o n s ,  t h e  v a r i o u s  ways i n  which 
a c t i v i t i e s  may be log ica l ly  i n t e r r e l a t e d  and t h e  r e c y c l e  p o l i c i e s  
which may be employed i n  case of  f a i l u r e  have been cons ide red .  
Fo r  each t y p e  of i n t e r r e l a t i o n s h i p  and each  r e c y c l e  p o l i c y ,  
a t e c h n i q u e  has  been p r e s e n t e d  f o r  combining s e v e r a l  a c t i v i t i e s  
i n t o  one composite a c t i v i t y .  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  t h e  t i m e  to complete t h e  
composi te  a c t i v i t y  has  been de r ived .  By s u c c e s s i v e l y  a p p l y i n g  
t h e s e  t e c h n i q u e s ,  t h e  network r e p r e s e n t a t i o n  o f  a l a rge  program 
of a c t i v i t i e s  may be reduced.  After each such r e d u c t i c n ,  t h e  
number of branches  i n  t h e  network i s  dec reased ,  wi th  each  
branch  r e p r e s e n t i n g  t h e  performance of a g r e a t e r  number o f  
a c t i v i t i e s .  The p r o b a b l l i t y  d e n s i t y  f u n c t i o n  f o r  t h e  t ime re- 
q u i r e d  t o  t r a v e r s e  each branch  I s  d e r i v e d .  A f t e r  s e v e r a l  s u c c e s s i v e  
r e d u c t i o n s ,  t h e  network i s  reduced t o  a s i n g l e  b ranch ,  and t h e  
time r e q u i r e d  t o  t r a v e r s e  t h a t  branch i s  e q u a l  t o  t h e  t i m e  re- 
q u i r e d  t o  complete t h e  entire program. The p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  f o r  t h i s  t ime i s  t h u s  de r ived .  
For  each  such  combinat ion,  t h e  
1031-JSE-mhk J. S .  Engel  
